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ABSTRACT: The following hypothesis on polymer chain configurations is presented: “On the bond length or some-
what longer scales, any real chain may be represented by the continuous helical wormlike chain, i.e., a hybrid of the
three extreme forms of rod, coil, and helix.” Various salient aspects of the new model itself are deduced from this hy-
pothesis. The basic model parameters are the curvature A~! of the elastic potential curve multiplied by 2/&T at its
minimum, the radius p and pitch h of the characteristic helix corresponding to minimum energy, and the shift factor
M, defined as the molecular weight per unit contour length. In particular, it is concluded that My is closely related
to the length scales to be adopted for a given chain and that the parameter A~! may be used as an absolute measure

of chain stiffness for all types of real chains.

Since the beginning of the theoretical or statistical-me-
chanical investigations of the properties of polymeric systems,
Kuhn random flight or Gaussian chains!-3 have long retained
an important place as standard molecular models for ran-
domly coiled, flexible macromolecules. The details of the
chemical structure of real chains are smeared out in such
models, but this suffices to permit understanding of the ma-
jority of basic physical processes such as excluded volume
effects and steady-state transport and dynamical phenome-
na.>? As is well known, the random-flight model may be
characterized by the so-called Markov nature such that the
mean-square end-to-end distance is proportional to the
number of bonds in the chain in its unperturbed state without
excluded volume. However, the Markov nature breaks down
for real short chains and is valid only asymptotically for long
enough chains, particularly for semiflexible or stiff chains.
This non-Markov nature arises from a sort of stiffness or static

rigidity, as introduced by the constraints on the internal de-
grees of freedom such as fixed bond lengths, fixed bond angles,
and hindered internal rotations. Necessarily, the study of such
effects and also various configuration-dependent properties
requires molecular models on the atomic level. There is little
doubt that among these, rotational isomeric state models4-7
are best established and most widely accepted at the present
time.

However, the rotational isomeric state model is not always
convenient in use, especially in the study of the properties
usually covered by the random-flight model. The difficulty
may often be overcome by adopting continuous models such
as the Kratky-Porod (KP) wormlike chain339 and its modi-
fications.!® Such models, smearing the detailed chemical
structure, are therefore similar to the random-flight model
in spirit but can interpolate from the two extremes of random
coil and rod to preserve the non-Markov nature. In recent
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years, indeed, there has been a renewal in studying the con-
formational and transport properties of stiff chain macro-
molecules.?° DNA is one of the typical examples for which
the KP model is valid. In principle, the continuous model may
be considered a good approximation as far as the molecular
information on the bond length or somewhat longer scales is
concerned. Even under such circumstances, however, most
of the real chains other than those of high axial symmetry such
as DNA cannot be strictly represented by the KP chain, since
it takes account of the correlation between the tangents to the
chain but not of the correlation between the curvatures
leading to a sort of chain skewness or spiral.

Thus, we have very recently proposed a very general con-
tinuous model, called the helical wormlike chain, which may
be regarded as a hybrid of the three extreme forms of rod,
random coil, and regular helix, and developed its statistical-
mechanical theory in a series of papers entitled “Statistical
Mechanics of Helical Wormlike Chains” (SMHWC).11-14 We
are now inclined to believe that the assumption of this model
is valid as a working hypothesis for all real chains. At this stage
before proceeding to make further developments, it may
therefore be regarded as pertinent to deduce various salient
aspects of the new model itself, some of which have already
been discussed, starting from the hypothesis above.

Hypothesis and Model

Our working hypothesis may be stated as follows: “On the
bond length or somewhat longer scales, any real chain may be
represented by the continuous helical wormlike chain, i.e., a
hybrid of the three extreme forms of rod, coil, and regular
helix”, as schematically depicted in Figure 1. The model may
also be regarded as a wormlike chain randomly possessing
complete or incomplete helical conformations or spiral con-
figurations. However, the term “helix” requires some com-
ments. By it, we do not necessarily mean the helix in a-helices,
DNA, and the like. The helix axis may rather be chosen as the
chain contour of our model in its application to such cases
without interrupted helical parts, while we take the contour
along the actual main chain in its application to the helix—coil
transition in polypeptide chains. Thus, the length scales to be
adopted depend, to some extent, on a given real chain and also
on what property or behavior is considered.

For the statistical-mechanical development, the helical
wormlike chain as well as the KP chain may be treated as a
space curve. The form of any space curve may be determined
by the curvature «(s) and torsion 7(s), defined in differential
geometry,!® as functions of the contour distance s from one
end, where s is assumed to range from 0 to t for the chain of
total contour length ¢. Now, if the chain is regarded as an
elastic thin wire, its configurational energy U per unit contour
length at s is given by

U = Yhalk(s) — xo(s)]? + WBlr(s) — ro(s)]? (D

as derived by Bugl and Fujita,'® where o and 8 are the bending
and torsional force constants, respectively. The total config-
urational energy of the chain is obtained by integration of U
over s from O to t. It has the minimum value of zero when «(s)
= ko(s) and 7(s) = 7o(s). The helical wormlike chain may be
obtained by taking «q(s) and r¢(s) as constants independent
of s,

ko(8) = ko
To(s) =79 (2)

In other words, the configurational energy of the helical
wormlike chain becomes a minimum when it takes a helical
form. This regular helix specified by g and g is referred to as
the characteristic helix, whose radius p and pitch h are given

by
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Figure 1. Hypothesis on polymer chain configurations.

p = xo/(ko? + 70%)
h = 2w1o/ (ko2 + 102) (3)

Equations 1 and 2 provide the statistical-mechanical basis of
the helical wormlike chain. The KP chain may now be rede-
fined as a special case of the former with kg = 0 irrespective
of the values of 8 and g, so that its energy becomes a minimum
when it takes the rod (straight line) form. It must however be
noted that in the use of eq 1 our picture of a polymer chain,
as depicted in Figure 1, is quite different from that of Bugl and
Fujita, i.e., a Rouse-like chain with coil springs. This is one of
the reasons why we dare to call our model the helical wormlike
chain.

Equations 1-3 require some further comments. In the
derivation of the differential equation for the distribution
function,!! « is taken to be always nonnegative, for conve-
nience, and 7 is either positive or negative, so that «g (or p) =
0 and 7o (or h) = 0, the characteristic helix being right handed
for 7o > 0 and left handed for 7o < 0. (Note that in
SMHWC-L!! h was defined to be positive with | 75|.) On this
assumption, the characteristic space curve corresponding to
minimum energy is not permitted to take, for instance, a
two-dimensional wave form, for which xo(s) changes sign with
s and 7o(s) is always zero. This is a direct consequence of the
hypothesis. However, such cases, for which the characteristic
curve is two dimensional, will probably not occur for real
polymer chains. For example, if the energy of a simple real
chain becomes a minimum for the all-trans conformation (a
wave form microscopically but a straight line macroscopi-
cally), it may rather be represented by the KP chain with g
= () on the proper length scales.

It is convenient to introduce instead of « and 3 the param-
eters,

A L=2a/kT (4)
c=a/f—-1 (5)

where kT has the usual meaning. The parameter A~! is equal
to the Kuhn length of the KP chain, and ¢ is Poisson’s ratio
ranging from 0 to 0.5.17 The moments for the helical wormlike
chain are known to be insensitive to the change in ¢,!! and
therefore it is not an important parameter and may be set
equal to zero for most cases, for simplicity. The force constants
« and B are the curvatures of the potential curves at their
minima of zero, so that A~1 may be regarded as a stiffness
parameter for the helical wormlike chain as well as the KP
chain. Thus, until the number of bonds in the real chain or its
molecular weight is explicitly introduced, the basic model
parameters are A~L, ko, and ¢ (or A~L, p, and h), all of which
should be regarded as possibly dependent on both tempera-
ture and solvent.

For convenience, all lengths are measured in units of A~!
throughout the remainder of this section. Then, the mean-
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Figure 2. The ratio {R2)/t plotted against the logarithm of the con-
tour length ¢ for ko = 2.5, 79 = 0.5, and ¢ = 0, all lengths being reduced
by A. The dotted curve R represents the values for the rod, the broken
curve KP represents the unassociated KP chain with g = 0, and the
chain curve H and broken curve a-KP represent the characteristic
helix and associated KP chain with the same model parameters as
those of the helical wormlike chain, respectively.

square end-to-end distance (R2) for the present model is given
by

(R%y = cat +cog+ % ce it (6)
=1
with
- 2[(2 + 0)2 + 704
- 70) @
2x02[(2 + 0)2 — 107

=_1, 2

Co Yo 2 + TOIE (8)

= 2[(2+ 06— 2;)2 + 1,
b2z - z)a = )
where —z; (I = 1, 2, 3) are the three simple roots of the cubic
equation,
fe)=p+2) [(p+2+ 02+ 7 +x*(p+2+0)=0
(10)
and we have omitted the rare case of multiple roots and
combined eq 40 and 54 of SMHWC-I into eq 6.
Irrespective of the kind of roots, (R2) has the three limiting

forms corresponding to the rod, coil, and characteristic helix
in Figure 1,

lim (R?) = ¢2
t—0
(const A\)

lim (R2) = cat
t— >

(const A)

2t2
lim (R?) = Ry® = ———
A--0 xo? + o?

(rod) (11)

(coil) (12)

4xo?
(ko2 + 70%)?

where the symbol lim indicates that the asymptotic form is
taken. Ry is the end-to-end distance of the characteristic
helix, and eq 13 for B2 should be considered to be re-reduced
by the original A, though it does not apparently depend on
whether it is reduced or unreduced. Also note that we have
taken the limits above by varying the unreduced ¢t and X sep-

sin? [Y(ko? + 702)1/2¢] (helix) (13)

Macromolecules
0.3+ .
0.2F 4
-
~
&
T
0.1 + 4
0 il 1 1
1072 10 [ 10 10?

Figure 3. The ratio {R2)/t plotted against the logarithm of the con-
tour length ¢ for kg = 5, 7o = 1, and ¢ = 0; see legend to Figure 2.

arately, though we had done the limits without this separation
previously;!! the present procedure is clearer. Thus, in the
limit of unreduced t — =, Ry becomes equal to that of the
infinitely long helix given by the leading term on the right-
hand side of eq 13 or 61 or SMHWC-1.

It is also convenient to consider the KP chain such that its
Kuhn length is ¢ (in units of A=1) and it is referred to as the
associated KP chain; its mean-square end-to-end distance
(R%),.kp is given by

(R2) 4 kp = Cut — heo?[1 — exp(—2t/c)] (14)

The average configuration of this chain may be considered to
change with ¢ (at constant A\) on the base of the triangle in
Figure 1. Note that ¢ < 1 and that ¢ = 1 for the unassociated
KP chain with xg = 0 in c...

For t « 1 (at constant A\), {(R2) may be expanded as

(R2> = tz[l - %/3t + %o(4 — K()Z)l‘2 -.. ] (t «1) (15)

2 1
(Eﬂ)a.xp=t2<1—§c—t+3C 2t2—-...> (t«1) (16)

RH2 = t2(1 - 1/12K02t2 +...) (tx1) (17)

It is seen that as ¢ is decreased to zero (at constant A) the he-
lical wormlike chain as well as the KP chain, unassociated or
associated, become the rod through the WKB rod!8 whose
mean-square end-to-end distance is given by the first two
terms on the right-hand side of eq 15 or 16, and also Ry ap-
proaches the rod limiting value, though not through the WKB
rod.

In SMHWC-I and -11,!1:12 we already presented numerical
results for (R2) and also (R2™) for various values of the model
parameters. Among these, the two typical cases of kg = 2.5, 7o
=(.5,and o = 0 and of ko = 5, 7o = 1, and ¢ = 0 are reproduced
in Figures 2 and 3, respectively, where the values (full curves)
of (R2)/t instead of (R?)/ct as before are plotted against the
logarithm of ¢. The dotted curves R represent the values of
{R2)/t = t for the rod, and the broken curves KP the corre-
sponding values for the unassociated KP chain given by eq 14
with ¢ = 1. In the figures are also shown the values of Ry?/t
for the characteristic helix and of (R2),.xp/t for the associated
KP chain, each with the same model parameters as those of
the corresponding helical wormlike chain, by the chain curves
H and broken curves a-KP, respectively.

It is seen that as t is increased from zero to infinity, the ratio
(R2)/t for the helical wormlike chain first increases along the
dotted curve R, then exhibits helical behavior, and finally
levels off to the coil limiting value ¢«. The value of A in Figure
3 may be considered to be just one-half of that in Figure 2, and
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Table I
Values of the Model Parameters for Various Polymer Chains
Polymer Ca Ak, A LA o, A h, A My, A1 My*, At My, A1
PM 6.87¢ 15.0 15.2 0.47 23.4 10.1 11.0 9.15
PDMS 6.43° 13.6 15.8 19.7 7.7 19.6 25.5 22.6
POM 8.5¢ 16.8 17.5 0.10 3.0 18.7 12.8 10.5
i-PP 4,24 9.44 14.2 1.53 —-12.4 13.8 16.5 13.7
s-PP 11.0¢ 24.7 26.2 0.21 5.2 15.6 16.5 13.7
i-PS 11.9¢ 20.2 33.5 0.99 -7.6 41.2 40.8 34.0
s-PS 18.2¢ 35.3 38.2 0.23 5.0 38.9 40.8 34.0
i-PMMA 10.3f 16.7 21.9 10.7 53.7 34.6 38.6 32.7
a-PMMA 9.4f 16.3 44,6 15.5 21.2 37.2 38.6 32.7
s-PMMA 7.6/ 12.9 60.0 14.4 15.6 36.5 38.6 32.7

a See ref 28. ® See ref 29. ¢ See ref 27 and 30. ¢ See ref 31. ¢ See ref 32 and 33. / See ref 23.

indeed, the helical behavior of the model is more remarkable
in the former than in the latter. (Note that the unreduced o
and 7o have the dimension of reciprocal length.) Further, the
values of (R2) for the helical wormlike chain are naturally
always smaller than those for the rod and even those for the
unassociated KP chain. Unless both xg and 79 are very large,
or A is very small, the values of (R2) for the helical wormlike
chain are greater than those for the associated KP chain, as
displayed in the figures. If X is very small, the chain is close to
the characteristic helix (and then the full curve will cross the
broken curve a-KP). The chain contour of the model should
then be readjusted, as mentioned earlier, so that the case of
very small A may not actually occur in the natural state except
for the helix—coil transition. Thus, we may conclude that the
values of (R2) for the helical wormlike chain, when applied
to real chains in their natural state, are always greater than
those for the associated KP chain. These are also direct con-
sequences of the hypothesis.

For very typical cases, the ratio (R2)/t as a function of ¢
exhibits a maximum, as shown in Figures 2 and 3. However,
we note that even in the case for which (R%)/t increases
monotonically with increasing t, the helical nature of the
model is revealed markedly by the persistence vector A, as
defined as the mean end-to-end vector with the initial tangent
and curvature vectors fixed, as well as that of the rotational
isomeric state model, %20 as shown in SMHWC-IV (persis-
tence vectors).14

Model Parameters

In order to apply the continuous model to a real chain, we
must convert the contour length ¢ of the former to the number
of bonds in the latter or the molecular weight. For conve-
nience, this is done by introducing the so-called shift factor
M1, as defined as the molecular weight per unit contour length
of the continuous model. It should be considered a model
parameter to be determined?!:22 together with A1, «g, 7o (or
o, h), and ¢ from a comparison with real chains. Indeed, we
determined these parameters for various chains, assuming o
= 0 for simplicity, from a comparison with rotational isomeric
state models with respect to either the characteristic ratio C,,
or the persistence vector A, using their values computed by
Flory and co-workers. The criteria for the determination were
discussed in detailll:!4 and are not repeated here. In this sec-
tion, all lengths are unreduced.

In Table I are reproduced the results obtained in
SMHWC-I and -III (scattering functions)!® for isotactic,
atactic, and syndiotactic poly(methyl methacrylate) (i-, a-,
and s-PMMA) chains?3 from C,, (the fraction of meso dyads
in a-PMMA being 0.2), and in SMHWC-1V for polymethylene
(PM),24 poly(dimethylsiloxane) (PDMS),25 and isotactic and
syndiotactic polystyrene (i- and s-PS)2¢ chains from A. The
table also includes the values determined here for polyoxy-

methylene (POM)?7 and isotactic and syndiotactic polypro-
pylene (i- and s-PP)2?8 chains from A. All of them may well be
represented by the helical wormlike chains with «q (or p) =
0. In the second and third columns of the table are given the
values of the characteristic ratio C.2327-3% and the Kuhn
length A, respectively, the latter being defined by

AK=C°°)\—1 (18)

with the reduced o and 7¢ in ¢... Note that the Ag = A~! for
the KP chain with kg = 0 and ¢.. = 1. In the eighth column are
given the values M* of M computed by taking the contour
length ¢ as the length of the rotational isomeric state model
chain fully extended to the all-trans conformation, or as the
average of two lengths at full extension, one with all #; and the
other with all #; angles, in the case of chains with the two
different bond angles 6, and 85, and also in the ninth column
the values M1/ computed by taking ¢ as the total sum of bond
lengths. We note that the shift factor f of Maeda, Saito, and
Stockmayer?! is defined as the number of bonds in the real
chain per unit reduced contour length of the continuous chain,
so that for chains with identical bond lengths and angles 8,
f//f* = sin? (6/2), while M'//M_* = sin (6/2). We prefer our
definition of My, since M* and M1’ can be expressed in terms
of only the structural parameters of the chain.

It is seen that M1 is close to M * in most cases and is in-
termediate between M * and M1/ in some other cases. PDMS,
POM, and i-PP require some comments. For PDMS, M, is
rather close to M1/, and the same result is obtained if we make
an analysis of C,, assuming the KP chain. The reason for this
probably is that one of the two greatly different supplemen-
tary bond angles is unusually small (37°), so that the chain
contour may be taken along the actual main chain. For i-PP,
the chain contour is taken closely along the actual helical se-
quence, so that its M1, is also close to M1 . For POM, on the
other hand, the chain contour is taken along the helix axis
rather than along the actual helical sequence, so that My, is
considerably greater than even Mp*. (Maeda et al.?! have
reported that f of POM determined from C,, is close to f* if
the KP chain is assumed.) The z component of the persistence
vector of the POM chain vanishes because of the equal
probabilities of occurrence of right- and left-handed heli-
ces,?:30 and it may be represented approximately by the he-
lical wormlike chain with p nearly equal to zero. Thus, it
should be emphasized that the parameter My, in general is
closely related to the length scales to be adopted for a given
chain. This parameter and also A~!, p, and h together provide
important information that serves to picture the average
configuration of a real chain on the proper length scales of
interest to us. As for p and h, we only note that the charac-
teristic helix specified by them does not necessarily corre-
spond to the conformation of minimum energy in the rota-
tional isomeric state model.
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As noted earlier, for the KP chain with «o = p = 0, the pa-
rameter A1 is equal to the Kuhn length Ak. (This condition
is satisfied approximately by PM and POM chains.) In this
case, A~1is just twice the persistence length of the KP type.?
For the helical wormlike chain, the component of the persis-
tence vector in the direction of the initial unit tangent vector
ugin the limit t — « is equal to one-half of Ak (not of A=1) and
has the meaning of the persistence length, but it also has the
nonvanishing components in the directions perpendicular to
ug.14 Thus, we recommend to use the Kuhn length rather than
the persistence length. For the same kind of chains, e.g.,
PMMA chains, differing in tacticity, Ak is theoretically pro-
portional to C., but is not necessarily proportional to A=, The
fact that the former proportionality does not strictly hold in
Table I arises from the slight differences in the determined
M1. The breakdown of the latter proportionality indicates
that although the Kuhn length or the persistence lengthis a
measure of chain stiffness for the KP chain, this criterion is
in general not appropriate. Thus, we propose that the pa-
rameter A~} should be adopted as an absolute measure of
chain stiffness for all types of real chains, considering its
physical meaning. Then, for example, s-PMMA chains may
be regarded as more stiff than i-PMMA and also PS chains,
though Ak (or C..) of the former is smaller than those of the
latter. This is also a consequence of the hypothesis.

Concluding Remarks

From the practical point of view in part, we initiated the
study of the helical wormlike chain that can mimic the con-
formational behavior of real chains or rotational isomeric state
models. From the analysis made so far, it is however clear that
our model can provide interesting information about chain
configurations on the bond length or somewhat longer scales,
which is therefore different in quality from that obtained from
the rotational isomeric state model alone. We believe that the
former has significance more than a convenient replacement
of the latter. Although the model parameters have been de-
termined so far from a comparison with rotational isomeric
state models with respect to the computed moments, this must
also be done from an analysis of experimental data on, for
instance, steady-state transport coefficients. Evaluation of
them will be carried out in another series of papers. The sta-
tistical-mechanical problems, which remain, will be studied
in the SMHWC series. The dynamical problems are also in-
teresting in relation to the kinetic rigidity of the chain, but it

Macromolecules

can be shown that adoption of the helical wormlike chain, as
it is, leads to a nonlinear equation of motion, as in the case of
the KP chain of fixed length.34:35 For the study of such prob-
lems, some device will therefore be necessary.
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ABSTRACT: A scattering law, S(q), is derived for a chain in a rubber network in which the chains interact only at the
cross-links, i.e., a “phantom” rubber network. The result is compared to a scattering law previously derived by Jan-
nink and co-workers for a network chain whose units move affinely with the applied strain. The scattered intensity
for the two cases has a significantly different dependence on |q| where q is the scattering vector defined as the differ-
ence between the incident and scattered wave vectors. For example, the new expression for S(q) indicates that the
radius of gyration of a chain in a phantom rubber network changes less rapidly with the applied strain than an affine-
ly deformed chain. This prediction is consistent with recent neutron scattering results on rubber networks.

Neutron scattering has proven to be a useful method for
investigating the static and dynamic properties of polymers.
One of the important applications has been the determination
of the shape of polymer molecules in concentrated systems by

measuring the scattering from labeled chains. This method,
of course, could be used to study rubber networks. Recently,
Jannink et al.! derived the scattering law S(q) for a polymer
chain in a stretched network. In their analysis it was assumed



